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=
32
3pi
a b2
pi/2∫
0
dϕ√
1− k2 sin2 ϕ
,

eìí\õí
k =
√
1− b
2
a2
. 2
 {êBöïê õù(qí ëŁìí5ó`ùîÂîù
e÷Âê/í)01¨ïêñŁ÷ùêñ{ïê íPñëŁ÷ÂøïëíPñEùó
F
(
pi
2 , k
)
óùõEïêô
k ∈ [0, 1) N
F
(pi
2
, k
)
=
pi
2
∞∑
n=0
k2n
42n
(
2n
n
)2
≤ pi
2
∞∑
n=0
k2n
4n n!
n∏
k=1
(4k − 3) = pi
2
(1− k2)−1/4 .
{í\õí 
 íì¨ï	qí ñí	GëŁìí÷Âêí&?¨ïîÂ÷Âëô n!
4n
(2n
n
)2 ≤ (4n− 3) · (4n− 7) · · · 5 · 1 óùõEïêô n ≥ 1 
éêñí\õŁëŁ÷Âê/
k2 = 1− b2/a2 ïêGëXï9g÷Âê/!÷Âêëù$ïöPöPùêë{ëŁì¨ïë ν2(Ea,b) = pi a b ô÷í\î
J
(2)
1 (Ea,b) ≤
32
3
pi a b2
pi
2
(a
b
)1/2
=
16
3
(a b)3/2 =
16
3
( ν2(Ea,b)
pi
)3/2
,

eì÷öì3öPù÷Âêö\÷íPñ 
e÷ÂëŁì ú >1 H? ffóùõ
K = Ea,b

 	 5 
 2 M24065	/ 5 
J
(2)
1 (Ra,b)
5ffô:íuòê÷ÂëŁ÷ùê,ëŁìí?í	1qíPñeùóëŁìí{õíPö\ëXïê/îí
Ra,b
ïõí3¨ïõXïîÂîí\îVëùëŁìí5ï 0¢÷ñeïê>÷ÂëñëŁìí qí\õŁëŁ÷öPíPñ
÷Âê ïêëŁ÷
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e÷ñíùõí\õŁ÷Âê/&ïõí
(−a,−b)  (a,−b)  (a, b) §ïê (−a, b)    ñ5÷Âê6ëŁìíJöïñíJùó
í\îÂîÂ÷$ñíPñ7
ffí?öPùêñŁ÷í\õ
öXìùõñeïõŁ÷ñŁ÷Âê/ ó`õùø ëŁìí{÷Âêëí\õñXíPö\ëŁ÷ùêGùóëŁìí{ûVùêïõŁô
∂Ra,b

e÷ÂëŁì>ëŁìí
ñŁëŁõXï÷$ìëîÂ÷Âêí
g(p, ϕ)
íuòêí	,÷Âê ú %5$# 
ùêîÂô>ó`ùõ
0 ≤ ϕ ≤ pi/2 ïê p ≥ 0 5
ôGöPùêëŁõXïñŁë 
e÷ÂëŁì
í\îÂîÂ÷$ñíPñ(¢ñí2qí\õXïî ¢÷ Ví\õí\êëeëô5íPñ
ùóöìùõñëŁìõù/ì
Ra,b
í\ø!í\õqí5eïñŁ÷öïîÂîÂô 1
ffí3¢÷ñŁëŁ÷Âê/÷ñŁì
öïñí!ú`é  
0 ≤ ϕ < x(a, b) := arctan ab
ïêBöïñí!ú`éé 
x(a, b) ≤ ϕ < pi2

F1#
éê!öïñíú`é )ó`ùõ
ϕ
ûVí\÷Âê/5ò/0¢í	AëŁìí\õíEí)0g÷ñŁëöPí\õŁëXï÷Âê
p1
ïê
p∗
í2í\ê¢÷Âê/ ùê
a, b, ϕ
ñöXì!ëŁì¨ïë
ëŁìíJí\ê

ù÷Âêëñ ùóëŁìíJöìùõ
g(p, ϕ) ∩ Ra,b ïõí {(x1,−b), (x2, b)} õíPñG {(a, y1), (x2, b)}
ó`ùõ
0 ≤ p ≤ p1 õíPñG p1 ≤ p ≤ p∗ /
eìí\õí
x1 cos ϕ− b sinϕ = p , x2 cos ϕ + b sinϕ = p , a cos ϕ + y1 sinϕ = p
ïê
p1
õíPñG
p∗
÷ñ. ñŁëEëŁìí ¢÷ñŁëXïêöPíPñ?ùó§ëŁìíîÂ÷Âêí öPùêëXï÷Âê÷Âê/
(a,−b) õíPñG (a, b) ó`õùøëŁìí
ùõŁ÷$÷ÂêGëŁì¨ïë÷ñ(
p1 = p1(a, b, ϕ) = a cos ϕ− b sinϕ ïê p∗ = p∗(a, b, ϕ) = a cos ϕ + b sinϕ .
{í\êöPí¢óùõ
0 ≤ p ≤ p1(a, b, ϕ) "
ffí qí\ë
(x2 − x1)2 + (2 b)2 =
(2 b sinϕ
cos ϕ
)2
+ (2 b)2 = 4 b2
(
1 + tan2 ϕ
)
=
4 b2
cos2 ϕ
ïêA¢ó`ùõ
p1(a, b, ϕ) ≤ p ≤ p∗(a, b, ϕ) 
(x2−a)2+(b−y1)2 =
(p− b sinϕ
cos ϕ
−a
)2
+
(p− a cosϕ
sinϕ
−b
)2
=
( p− a cos ϕ− b sinϕ
sinϕ cos ϕ
)2
.
0{ù
 /
ffí ïõí÷ÂêBï ùñ÷ÂëŁ÷ùê,ëù!í2ïî$¨ïëíëŁìí5÷Âêëí2õXïî
K(a, b) =
x(a,b)∫
0
p∗(a,b,ϕ)∫
0
(
ν1(g(p, ϕ) ∩Ra,b)
)2
dpdϕ .
ßìí5òõñŁëñŁëí2÷ñëùJöïîö2îðïëíëŁìí5÷Âêêí\õ÷Âêëí2õXïî
p∗(a,b,ϕ)∫
0
(
ν1(g(p, ϕ) ∩Ra,b)
)2
dp =
p1(a,b,ϕ)∫
0
4 b2
cos2 ϕ
dp +
p∗(a,b,ϕ)∫
p1(a,b,ϕ)
( p∗(a, b, ϕ) − p
sinϕ cos ϕ
)2
dp
=
4 b2 p1(a, b, ϕ)
cos2 ϕ
+
(
p∗(a, b, ϕ) − p1(a, b, ϕ)
)3
3 sin2 ϕ cos2 ϕ
=
4 a b2
cos ϕ
− 4 b
3 sinϕ
3 cos2 ϕ
,

eì÷öìBõíPñîÂëñe÷Âê
FF
K(a, b) = 4 a b2
x(a,b)∫
0
d(sinϕ)
1− sin2 ϕ +
4 b3
3
x(a,b)∫
0
d(cos ϕ)
cos2 ϕ
= 4 a b2
sin(x(a,b))∫
0
dz
1− z2 −
4 b3
3
1∫
cos(x(a,b))
dz
z2
= 2 a b2 log
(
1 + sin(x(a, b))
1− sin(x(a, b))
)
− 4 b
3
3
(
1
cos(x(a, b))
− 1
)
= 2 a b2 log
(√
a2 + b2 + a√
a2 + b2 − a
)
− 4 b
2
3
(√
a2 + b2 − b
)
=
4
3
I(a, b) .
{í\õí 
 íì¨ï	qí ñí	GëŁìíõí\îðïëŁ÷ùêñ
∫ x
0
dz
1− z2 =
1
2
log
1 + x
1− x
ó`ùõ
0 ≤ x < 1 , ú %5ffiF  
sin(x(a, b)) =
tan(x(a, b))√
1 + tan2(x(a, b))
=
a√
a2 + b2
,
ú %5ffiJ  
cos(x(a, b)) =
1√
1 + tan2(x(a, b))
=
b√
a2 + b2
.
ú %5 H? 
0{í)0¢ë 
ffí3ëŁõíïëëŁìí3öïñí ú`éXé  )Bùõò/0¢í	
ϕ ∈ [x(a, b), pi/2] ëŁìí\õí3í)0g÷ñŁëGï;ê÷ ?í p2 =
p2(a, b, ϕ) ∈ [0, p∗] ûVí\÷Âê/ í&?¨ïî?ëù:ëŁìí ¢÷ñŁëXïêöPí&ùó ëŁìíîÂ÷Âêí 
e÷ÂëŁì ùõŁ÷í\êëXïëŁ÷ùêïê/îí ϕ
öPùêëXï÷Âê÷Âê/ÝëŁìí qí\õŁëí)0
(−a, b) e÷  í p2 = −a cos ϕ + b sinϕ  ßìíBí\ê  Vù÷ÂêëñGùóëŁìí
öìùõ
g(p, ϕ) ∩ Ra,b ïõí {(−a, y1), (a, y2)} õíPñG {(x1, b), (a, y2)} óùõ 0 ≤ p ≤ p2 õíPñG
p2 ≤ p ≤ p∗ 1
eìí\õí
−a cos ϕ + y1 sinϕ = p , a cosϕ + y2 sinϕ = p , x1 cos ϕ + b sinϕ = p
ñù+ëŁì¨ïë(¢óùõ
0 ≤ p ≤ p2(a, b, ϕ) 
 í qí\ë
(2 a)2 + (y2 − y1)2 = (2 a)2 +
(2 a cos ϕ
sinϕ
)2
= 4 a2
(
1 + cot2 ϕ
)
=
4 a2
sin2 ϕ
ïêA¢ó`ùõ
p2(a, b, ϕ) ≤ p ≤ p∗(a, b, ϕ) 
(x1 − a)2 + (b− y2)2 =
(p− b sinϕ
cos ϕ
− a
)2
+
(p− a cos ϕ
sinϕ
− b
)2
=
( p∗(a, b, ϕ) − p
sinϕ cos ϕ
)2
.
éêBïê¨ïîùôGëù!öïñí!ú`é 8
ffíì¨ï	qíëùJöPùø/ëí ëŁìí ùûîí÷Âêëí2õXïî
FJ
L(a, b) =
pi/2∫
x(a,b)
p∗(a,b,ϕ)∫
0
(
ν1(g(p, ϕ) ∩Ra,b)
)2
dpdϕ .
,6í ïï÷ÂêëŁõíïëëŁìí÷Âêêí\õE÷Âêëí2õXïîòõñëGN
p∗(a,b,ϕ)∫
0
(
ν1(g(p, ϕ) ∩Ra,b)
)2
dp =
p2(a,b,ϕ)∫
0
4 a2
sin2 ϕ
dp +
p∗(a,b,ϕ)∫
p2(a,b,ϕ)
( p∗(a, b, ϕ) − p
sinϕ cos ϕ
)2
dp
=
4 a2 p2(a, b, ϕ)
sin2 ϕ
+
(
p∗(a, b, ϕ) − p2(a, b, ϕ)
)3
3 sin2 ϕ cos2 ϕ
=
4 a2 b
sinϕ
− 4 a
3 cos ϕ
3 sin2 ϕ
,
ñù+ëŁì¨ïë
ffí öïê õùöPíPí	 
e÷ÂëŁì
L(a, b) = − 4 a2 b
pi/2∫
x(a,b)
d(cos ϕ)
1− cos2 ϕ −
4 a3
3
pi/2∫
x(a,b)
d(sinϕ)
sin2 ϕ
= 4 a2 b
cos(x(a,b))∫
0
dz
1− z2 −
4 a3
3
1∫
sin(x(a,b))
dz
z2
= 2 a2 b log
(
1 + cos(x(a, b))
1− cos(x(a, b))
)
− 4 a
3
3
(
1
sin(x(a, b))
− 1
)
= 2 a2 b log
(√
a2 + b2 + b√
a2 + b2 − b
)
− 4 a
2
3
(√
a2 + b2 − a
)
=
4
3
I(b, a) .
B÷Âê¨ïîÂîÂô ÷Âëõí\øï÷ÂêñëùJñøJøïõŁ÷í ëŁìíïûùqí÷Âêëí2õXïîñ
eì÷öì&öPùê¢òõŁø!ñú >1ffiJ  eïñeó`ùîÂîù
ñ
J
(2)
1 (Ra,b) =
1
pi
pi∫
0
p∗(a,b,ϕ)∫
−p∗(a,b,ϕ)
(
ν1(g(p, ϕ) ∩Ra,b)
)2
dpdϕ
=
4
pi
pi/2∫
0
p∗(a,b,ϕ)∫
0
(
ν1(g(p, ϕ) ∩Ra,b)
)2
dpdϕ
=
4
pi
(
K(a, b) + L(a, b)
)
=
16
3pi
(
I(a, b) + I(b, a)
)
. 2
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 íøïPô í	1öPí5ó`õùøffiú >1 H? ffóùõ
K = Ra,b
ëŁìí5÷Âêí&?¨ïîÂ÷Âëô
I(a, b) + I(b, a) ≤ 8 a b
√
a b
pi
ó`ùõEïîÂî
a, b > 0 .
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